We construct a class of matrix models, where supersymmetry (SUSY) is spontaneously broken at the matrix size N infinite. The models are obtained by dimensional reduction of matrix-valued SUSY quantum mechanics. The potential of the models is slowly varying, and the large-N limit is taken with the slowly varying limit.
Introduction
Motivated by possibility of supersymmetry (SUSY) breaking in large-N matrix-model formulations of superstring theory [1, 2, 3] (in particular [2] ), we presented some concrete models, where SUSY is preserved in any finite size N of the matrix variables, but gets spontaneously broken at infinite N [4] . They are in the form of matrix models coupled to some supersymmetric field theories. The supersymmetric field theories alone undergo spontaneous SUSY breaking, however the couplings to the matrix model sector supply some effect to prevent the breaking. Thus, the models for finite N preserve the SUSY. As N gets large, the effect diminishes, and eventually nothing prevents the SUSY breaking in the field theory sector at N infinite. In this mechanism, the models exhibit the SUSY breaking only at the large-N limit.
From our motivation, it is certainly desirable to construct models possessing the above property within the framework of a matrix model, not relying on SUSY breaking in the field theory sector. In this paper, we construct a class of such desirable large-N SUSY matrix models. They are obtained by dimensional reduction of matrix-valued supersymmetric quantum mechanics with N = 2 SUSY. It is expected that they play some role to reveal the essence of SUSY breaking of nonperturbative formulation of string theory via matrix models.
In the next section, analogously to the situation of ordinary spontaneous symmetry breaking, we introduce an external field to choose one of degenerate broken vacua to detect spontaneous SUSY breaking in SUSY quantum mechanics. The external field plays the same role as the magnetic field in the Ising model introduced to detect the magnetization. To introduce a suitable external field for the supersymmetric system, we deform the boundary condition for fermions from the periodic boundary condition (PBC) to a twisted boundary condition (TBC) with twist α, which can be regarded as the external field. If a supersymmetric system undergoes spontaneous SUSY breaking, the partition function with the PBC for all the fields, Z PBC , which usually corresponds to the Witten index [5] , is expected to vanish. Then, the expectation values of observables, which are normalized by Z PBC , would be ill-defined or indefinite. By introducing the twist, the partition function is regularized and the expectation values become well-defined. It is an interesting aspect of our external field for SUSY breaking, which is not seen in spontaneous breaking of ordinary (bosonic) symmetry.
Differently from quantum field theory whose degrees of freedom are infinite, onedimensional SUSY quantum mechanics has finite degrees of freedom, and thus the superselection rule does not hold in general. Here, introducing the twist α enables us to show that, concerning the expectation values of the auxiliary fields, which are order parameters of the SUSY breaking, the superselection rule works and the expectation values at the one broken ground state are well-defined. On the other hand, we see that the expectation value of the scalar field becomes ill-defined as the external field α is turned off.
Furthermore, it is straightforward to apply our argument to systems in less than onedimension, for example discretized SUSY quantum mechanics with a finite number of discretized time steps. Spontaneous SUSY breaking is observed even in such simple sys-tems with lower degrees of freedom. Also, we give some argument that an analog of the Mermin-Wagner-Coleman theorem [6, 7] does not hold for SUSY. Thus, cooperative phenomena are not essential to cause spontaneous SUSY breaking, which makes a difference from spontaneous breaking of the ordinary (bosonic) symmetry 1 . As for the superselection rule, the situation is similar to the SUSY quantum mechanics. However, for large-N SUSY matrix models discussed from section 3, we can see that the superselection rule does hold in general thanks to the large-N limit.
In section 3, we define a matrix model analog of the discretized SUSY quantum mechanics with general superpotential, and give an overview of its general aspects in the large-N limit. We mainly discuss the simplest case with the number of the time step T = 1. To realize SUSY breaking at large N, we put a parameter ǫ into the superpotential. 1/ǫ represents the length scale of the scalar φ in which the derivative of the superpotential W ′ (φ) varies by the amount of O(1). Thus, as ǫ gets smaller, the potential becomes more slowly varying. If we take the large-N limit with the slowly varying limit ǫ → 0, the system is shown to exhibit spontaneous SUSY breaking. α is an infinitesimal external field which slightly breaks the SUSY, and we observe whether its breaking effect remains after the limit α → 0 following the large-N and slowly varying limit, which is analogous to detect spontaneous symmetry breaking in the thermodynamic limit of a statistical system. As a deformation of the model, when the twist α is changed to a field-dependent function, the SUSY is also spontaneously broken in the same limit. The eigenvalue distribution of φ does not qualitatively change by the deformation, but its precise form is modified. Since the deformation effect remains even after turning off the external field, we see that the system in the large-N limit with ǫ → 0 is somewhat sensitive to the deformation of the external field. Thus, as a complete definition of the model, we should specify not only the matrix-model action but also the form of the external field. This is reasonable because the twist modifies the boundary condition of the fermions, which is a part of the definition of the model even if the twist is turned off eventually.
In section 4, we discuss one example of the models discussed in section 3, where the scalar potential is in a double-well type (W ′ (φ) is quadratic). Ref. [5] discusses the twodimensional Wess-Zumino model with such a double-well potential. For finite spatial volume, the instanton effect causes SUSY breaking, while the effect ceases in the infinite volume limit to restore the SUSY. Analogously, in our matrix model case, SUSY will be spontaneously broken due to some sort of instanton effect for finite N. However, if we take the large-N limit with ǫ kept finite (not slowly varying), the instanton effect is expected to disappear and the SUSY will be restored. By examining large-N solutions of the matrix model, we observe a number of supersymmetric behavior that strongly indicates the restoration of the SUSY at the large-N limit. To best of our knowledge, this is the first example of a matrix model with the restoration of SUSY at large N, although Ref. [9] discusses it for a large-N vector model.
In the SUSY matrix model with a double-well potential, we find an intriguing fact that the free energy does not depend on the ratio of the numbers of the eigenvalues filled into the two wells, and the value of the free energy is equal to that of the Gaussian SUSY matrix model. We think that it is deeply connected to the supersymmetric properties of the model, and further analysis will be reported in the next publication.
On the other hand, we also consider the large-N and slowly varying limit for the same model. Then, solutions which exhibit spontaneous SUSY breaking are obtained.
In section 5, we consider the SUSY matrix model with a cubic W ′ (φ), where SUSY is expected to be preserved for finite N. It is found that spontaneous SUSY breaking takes place in the large-N limit with ǫ → 0 even in this model.
In section 6, we discuss on the SUSY matrix model with slowly varying Gaussian potential. Although the simple twist does not lead to SUSY breaking, deformations to φ-dependent twists cause SUSY breaking in the large-N and slowly varying limit.
Section 7 is devoted to summarize the results obtained so far and to discuss some future subjects.
The path-integral expression of the partition function for SUSY quantum mechanics with twist α is derived in appendix A, and appendix B is devoted to some fundamental computation for the Gaussian SUSY matrix model. Finally, we give a proof of key equations concerning the SUSY restoration of the double-well matrix model at large-N in appendix C.
Preliminaries on SUSY quantum mechanics
As a preparation to discuss large-N SUSY matrix models, in this section we present some preliminary results on SUSY quantum mechanics.
Let us start with a system defined by the Euclidean (Wick-rotated) action:
where φ is a real scalar field, ψ,ψ are fermions, and B is an auxiliary field. The dot means the derivative with respect to the Euclidean time t ∈ [0, β]. For a while, all the fields are supposed to obey the PBC. W (φ) is a real function of φ called superpotential, and the prime ( ′ ) represents the φ-derivative. S is invariant under one-dimensional N = 2 SUSY transformations generated by Q andQ. They act on the fields as
with satisfying the algebra
Note that S can be written as the Q-or QQ-exact form:
For demonstration, let us consider the case of the derivative of the superpotential
For µ 2 > 0, the classical minimum is given by the static configuration φ = 0, with its energy E 0 = 1 2 g 2 µ 4 > 0 implying spontaneous SUSY breaking. Then, B = −igµ 2 = 0 from the equation of motion, leading to Qψ,Qψ = 0, which also means the SUSY breaking.
For µ 2 < 0, the classical minima φ = ± −µ 2 are zero-energy configurations. It is known that the quantum tunneling (instantons) between the minima resolves the degeneracy giving positive energy to the ground state. SUSY is broken also in this case.
Next, let us consider quantum aspects of the SUSY breaking in this model. For later discussions on matrix models, it is desirable to observe SUSY breaking via the path integral formalism, that is, by seeing the expectation value of some field. We take B (or B n (n = 1, 2, · · · )) as such an order parameter. Whichever µ 2 is positive or negative, the SUSY is broken, so the ground state energy E 0 is positive. Then, for each of the energy levels E n (0 < E 0 < E 1 < E 2 < · · · ), the SUSY algebra
leads to the SUSY multiplet formed by bosonic and fermionic states
As a convention, we assume that |b n and |f n have the fermion number charges F = 0 and 1, respectively. Since the Q-transformation for B in (2.2) is expressed as
in the operator formalism, we can see that
In the operator formalism,Q,ψ are regarded as hermitian conjugate to Q, ψ, respectively.
holds for each n. Then, it turns out that the unnormalized expectation value of B vanishes 3 :
This observation shows that, in order to judge SUSY breaking from the expectation value of B, we should choose either of the SUSY broken ground states (|b 0 or |f 0 ) and see the expectation value with respect to the chosen ground state. It makes sense, because there is no transition between the two ground states via an arbitrary bosonic operator O B (including B) from the conservation of the (−1) F -charge:
The situation is somewhat analogous to the case of spontaneous breaking of ordinary (bosonic) symmetry in the sense that (2.13) is reminiscent of the superselection rule. However, differently from the ordinary case, when SUSY is broken, the supersymmetric partition function vanishes: 15) where the normalization b n |b n = f n |f n = 1 was used. So, the expectation values normalized by Z PBC could be ill-defined [10] .
Twisted boundary condition
To detect spontaneous breaking of ordinary symmetry, some external field is introduced so that the ground state degeneracy is resolved to specify a single broken ground state. The external field is turned off after taking the thermodynamic limit, then we can judge whether spontaneous symmetry breaking takes place or not, seeing the value of the corresponding order parameter. (For example, to detect the spontaneous magnetization in the Ising model, the external field is a magnetic field, and the corresponding order parameter is the expectation value of the spin operator.)
We will do a similar thing also for the case of spontaneous SUSY breaking. For this purpose, let us change the boundary condition for the fermions to the TBC: (2.16) then the twist α can be regarded as an external field. Other fields remain intact. As seen in appendix A, the partition function with the TBC corresponds to the expression (2.14) with (−1) F replaced by (−e −iα ) F :
Then, the normalized expectation value of B under the TBC becomes
Note that the factors (1 − e −iα ) in the numerator and the denominator cancel each other, and thus B α does not depend on α even for finite β. As a result, B α is equivalent to the expectation value taken over one of the ground states and its excitations {|b n } (or {|f n }). The normalized expectation value of B under the PBC was of the indefinite form 0/0, which is now regularized by introducing the parameter α. The expression (2.19) is well-defined.
On the other hand, from the Q-transformation ψ = [Q, φ], we have
The second term is a transition between bosonic and fermionic states via the fermionic operator ψ, which does not vanish in general. Thus, differently from B α , the expectation value of φ becomes
When f n |ψ|b n = 0 for some n, the second term is α-dependent and diverges as α → 0. The divergence comes from the transition between |b n and |f n . Since the two states are transformed to each other by the (broken) SUSY transformation, we can say that they should belong to the separate superselection sectors, in analogy to spontaneous breaking of ordinary (bosonic) symmetry. Thus, the divergence of φ α as α → 0 implies that the superselection rule does not hold in the system 4 .
Discretized SUSY quantum mechanics
In this subsection, we consider a discretized system of (2.1), namely the Euclidean time is discretized as t = 1, · · · , T . The action is written as
where the Q-supersymmetry is of the same form as in (2.2). As is seen by the Q-exact form (2.22), the action is Q-invariant and the Q-supersymmetry is preserved upon the discretization [11] . On the other hand, theQ-supersymmetry can not be preserved by the discretization in the case of T ≥ 2. When T is finite, the partition function or various correlators are expressed as a finite number of integrals with respect to field variables. So, at first sight, one might expect that spontaneous breaking of the SUSY could not take place, because of a small number of the degrees of freedom. In what follows, we will demonstrate that the expectation is not correct, and that the SUSY can be broken even in such a finite system.
T = 1 case
First, let us consider the simplest case 5 T = 1. As before, the boundary condition of the fermion is twisted with the phase α:
4 For higher dimensional systems defined on finite spatial volume, such phenomena would also happen in general. 5 For T = 1 with the PBC, the action is same as the dimensional reduction of (2.1). Then, thē Q-supersymmetryQ φ = −ψ,Qψ = 0, Qψ = −iB,QB = 0 (2.24) becomes the symmetry of the action again.
The partition function
26)
with the superpotential (2.7) is computed to be
C is positive definite, and it is same as in the continuum case that Z α approaches to zero as α → 0. An analog to the unnormalized expectation value (2.12) with the PBC is
However, the normalized expectation value B α becomes
Again, the factors (e iα − 1) from the numerator and the denominator cancel each other, and the result does not depend on α. For µ 2 > 0, (2.31) is not zero, implying SUSY breaking. At the classical level, B = −igµ 2 from the equation of motion, which coincides to (2.31) evaluated at the potential minimum φ = 0. This shows that the introduction of the external field α gives a correct regularization. Also, for µ 2 < 0, generically (2.31) does not vanish 6 , and it is found that the SUSY is spontaneously broken. The unnormalized expectation value with the TBC
vanishes in the limit α → 0, and no singular behavior can be seen there. For the normalized expectation value, however, both of the numerator B ′ α and the denominator Z α approach to zero as α → 0. The dependence of α is canceled between the numerator and the denominator, and then the nonvanishing result arises. In other words, the external field α regularizes the indefinite form of the expectation value under the PBC: B = 0/0, and leads to the nontrivial result. Thus, we conclude that, even in discrete systems defined by a finite number of integrals, SUSY can be spontaneously broken when the partition function vanishes. Note that it is totally different from the spontaneous breaking of ordinary (bosonic) symmetry, where the partition function never vanishes. In general, some non-analytic behavior is necessary for spontaneous symmetry breaking. For the SUSY breaking in the finite system, the non-analyticity is supplied by the vanishing partition function.
As for the expectation value φ α , similarly to the case (2.21), we obtain
Since φW ′′ (φ) = 2gφ 2 , the integral of the right-hand side does not vanish, and φ α diverges as α → 0.
In what follows from section 3, we will consider various large-N matrix models analogous to the models presented so far. Interestingly, the singular behavior of φ α as seen above does not appear there. It can be understood that the tunneling between separate broken vacua is suppressed by taking the large-N limit, and thus the superselection rule works. Note that the large-N limit in the matrix models is analogous to the infinite volume limit or the thermodynamic limit of statistical systems. In fact, this will play an essential role for restoration of SUSY in the large-N limit of the matrix model with a double-well potential.
General W ′ (φ) case Similar analyses can be done for W ′ (φ) given as a general polynomial of the degree k:
(from the Nicolai mapping [12] ), and (2.33) holds for general W ′ (φ), we see that the result of B α does not change from (2.31) for even k, while lim α→0 B α = 0 for odd k. (Note that lim α→0 Z α = 0 for odd k, since (2.36) is nonzero.) Thus, for the discretized system with the superpotential W ′ (φ) of the degree even (odd), the SUSY is broken (preserved), which is same as the conclusion for the continuous SUSY quantum mechanics [8] .
General T case
It is straightforward to extend the above discussion to the case of general T .
Expressing as S α the action (2.23) under the TBC
the partition function
is computed to be
Here we used
for the superpotential (2.7), which is derived from the Nicolai mapping [12] . (Note the factor
T is equal to the fermion determinant under the PBC.) Also, C T is positive definite.
Similarly, for the normalized expectation value
we use the Nicolai mapping to have
The factor (−1) T (1 − e iα ) was canceled, and B(t) α does not depend on α, again. The result (2.43) is finite and well-defined. By using the Nicolai mapping, it is straightforward to generalize this result to the case of (2.35). We find that (2.43) holds and it is finite and well-defined for even k, and that lim α→0 B(t) α = 0 for odd k.
No analog of Mermin-Wagner-Coleman theorem for SUSY As claimed in the Mermin-Wagner-Coleman theorem [6, 7] , continuous bosonic symmetry cannot be spontaneously broken at the quantum level in the dimensions of two or lower. In dimensions D ≤ 2, although the symmetry might be broken at the classical level, in computing quantum corrections to a classical (nonzero) value of a corresponding order parameter, one encounters IR divergences from loops of a massless boson. It indicates that the conclusion of the symmetry breaking from the classical value is not reliable at the quantum level any more. It is a manifestation of the Mermin-Wagner-Coleman theorem.
Here, we consider whether an analog of the Mermin-Wagner-Coleman theorem for SUSY holds or not. Naively, since loops of a massless fermion 7 would be dangerous in the dimension one or lower, we might be tempted to expect that SUSY could not be spontaneously broken at the quantum level in the dimension of one or lower. However, this expectation is not correct. Because the twist α in our setting can also be regarded as an IR cutoff for the massless fermion, the finiteness of (2.43) shows that B(t) α is free from IR divergences and well-defined at the quantum level for less than one-dimension. (For one-dimensional case, (2.19) has no α-dependence, thus no IR divergences.)
We can see it more explicitly in perturbative calculations. Let us consider the superpotential (2.7) with µ 2 > 0, where the classical configuration φ(t) = 0 gives B(t) = −igµ 2 . If the theorem holds, quantum corrections should modify this classical value to zero, and there we should come across IR divergences owing to a massless fermion. Although we have obtained the finite result (2.43), the following perturbative analysis would clarify a role played by the massless fermion. We evaluate quantum corrections to the classical value of B(t) perturbatively. Under the mode expansions
free propagators are
Here we consider the case of odd T for simplicity of the mode expansion. Note that the boson is massive while the fermion is nearly massless regulated by α. Also, there are three kinds of interactions in S α (after B is integrated out):
We perturbatively compute the second term of
up to the two-loop order, and directly see that the nearly massless fermion ("would-be Nambu-Goldstone fermion") does not contribute and gives no IR singularity. It is easy to see that the tadpole φ(t + 1) − φ(t) α vanishes from the momentum conservation. For 2 . The solid lines with (without) arrows mean the fermion (boson) propagators. (1B) is the one-loop diagram, and the other eight are the two-loop diagrams. The diagrams with the name "FF" ("BB") are constructed by using the interaction vertices V 3F twice (V 4 once or V 3B twice), and those with "BF" are by using each of V 3B and V 3F once.
Each diagram is singular as α → 0 due to the fermion zero-mode, however it is remarkable that the sum of them vanishes:
Thus, the two-loop contribution turns out to have no α-dependence, and the quantum corrections come only from the boson loops which are IR finite, that is consistent with (2.43). Since the classical value −igµ
is regarded as O(g −1 ), and ℓ-loop contributions are of the order O(g 2ℓ−1 ), the quantum corrections can not be comparable to the classical value in the perturbation theory. Thus, the conclusion of the SUSY breaking based on the classical value continues to be correct even at the quantum level.
Overview of SUSY matrix models with TBC
In this section, we define a matrix model analog of the discretized SUSY quantum mechanics with the TBC as discussed in the previous section, and give an overview of its general features in the large-N limit.
Let us begin with a matrix-model analog of (2.22)
with the Q-supersymmetry nilpotent (Q 2 = 0):
All the variables are N × N hermitian matrices and the derivative of the superpotential is a polynomial of φ given as
Then, the action is
We will focus on the simplest case T = 1 with the TBC (2.25) again 8 . Under the action
the partition function is defined by
For convenience, we fix the normalization of the measure as
(3.8) In order to construct SUSY matrix models which exhibit spontaneous SUSY breaking in the large-N limit, we introduce a small positive constant ǫ and consider the situation that the derivative of the superpotential W ′ (φ) depends on φ only through the combination of ǫφ, i.e.
with g p constants of order 1. Later we will discuss spontaneous SUSY breaking in the case that ǫ tends to 0 in the large-N limit. (For example, ǫ scales as O(N −u ) with u > 0.) Since ǫ −1 corresponds to the length scale of φ in which W ′ (φ) varies by an amount of O(1), the potential W ′ (φ) becomes more and more flatter or slowly varying as N → ∞ 9 .
The Q,Q transformations are of the same form as in (2.2) and (2.24), and nilpotent (Q 2 =Q 2 = {Q,Q} = 0). 9 In the case of large T , we can consider the continuum limit where the lattice spacing of the discretized time a → 0 with aT fixed. It would be interesting if ǫ can be also related to a in the large-N limit. It is similar to the situation of the double scaling limit in the matrix models for two-dimensional quantum gravity [13, 14, 15] .
Instead of taking the limits N → ∞ and ǫ → 0 simultaneously, we can consider ǫ as independent of N, and can take the limits separately. Note that the external field α is always turned off at the final step because it is for detecting spontaneous SUSY breaking of the system obtained after the large-N limit and the ǫ → 0 limit. In our model, it is easy to check that irrespective of the order of the limits N → ∞ and ǫ → 0, we will have the same large-N saddle point equation at the final step α → 0, and thus we obtain the same result. Therefore, we do not have to care about the order of these limits.
After integrating ψ,ψ, B and rescaling as φ → ǫ −1 φ, the partition function becomes
(3.10)
The expectation values of
(3.11)
To figure out how the large-N and slowly varying limit causes spontaneous SUSY breaking, we first regard ǫ as independent of N, and consider the case of large N but finite ǫ in section 3.1. Then, the large-N and slowly varying limit is discussed in sections 3.2 and 3.3.
Large-N solutions for finite ǫ
We consider large-N solutions for the system (3.10), (3.11) with ǫ kept finite. Here, we do not take the ǫ → 0 limit, and the external field α is turned off after the large-N limit. (3.10) can be expressed as integrals with respect to the eigenvalues of φ (λ i (i = 1, · · · , N)):
withC N a numerical constant and ∆(λ) ≡ i>j (λ i − λ j ). In the large-N limit, the integrals can be evaluated at the saddle point configuration as
Finally, after the limit α → 0, we obtain dy ρ(y)
Note that the ǫ-dependence disappears in the equation. In terms of ρ(x) which solves (3.15), the expectation values of
In section 4.1, we explicitly solve the saddle point equation for the quadratic W ′ (φ):
by the technique of the O(n) model on a random surface with n = −2 [16, 17, 18] .
Here it is important to recall that, when both of ǫ and N are finite, basically we will obtain the same result as in the discretized SUSY quantum mechanics. Namely, when W ′ (φ) is a polynomial of odd (even) degree, the SUSY is preserved (broken). However, a new feature can arise in the large-N limit even if ǫ is kept finite. It is analogous to the infinite volume limit of SUSY field theory [5] . There, in the case of the double-well potential, the SUSY breaking is triggered by instanton effects in finite volume, however the instantons are suppressed in the large volume limit, and the SUSY becomes restored. We will find in section 4.1 that the large-N limit plays the same role as the infinite volume limit and restores the SUSY for the same potential.
Large-N SUSY breaking under slowly varying potential
In the large-N and slowly varying limit, N → ∞ together with ǫ → 0, we can discard the ǫ-dependent terms in the determinant factor in (3.10). Then, the system is essentially reduced to the ordinary one-matrix model with respect to φ. In terms of the eigenvalue distribution ρ(x), the partition function Z ′ α is given in the large-N limit as
with ρ(x) satisfying the saddle point equation
Note that the equation does not depend on α. It can be solved in the standard method [19] by assuming a finite support for ρ(x). For example, given such a solution ρ(x) with the support x ∈ [a, b], (3.17) can be expressed by integrating (3.18) as
As for the expectation values of
which do not depend on α similarly to the situation seen in the (discretized) SUSY quantum mechanics in section 2. Also,
do not depend on α and exhibit no singular behavior as α → 0. It is different from the situation of the (discretized) quantum mechanics, where φ α brows up in the limit α → 0 as in (2.21) and (2.34). It implies that the large-N limit suppresses the quantum tunneling to make the superselection rule work in the matrix model. Although 1 N tr (φ n ) α grows as ǫ −n in the slowly varying limit, any singular behavior does not appear for the "renormalized" variable ǫφ.
Now it is clear from (3.10) and (3.11) how SUSY breaking happens in the ǫ → 0 limit. Since the large-N and slowly varying limit amounts to dropping the fermion interactions, there is generically no reason to expect that the SUSY persists after turning off α. It will be so regardless of the form of W ′ (φ), except the Gaussian case W ′ (φ) = h(ǫφ) = ǫφ where the fermion determinant is constant. In the following sections, for some concrete examples of W ′ (φ), we compute the expectation values of 1 N tr B n (n = 1, 2, · · · ) from which we observe spontaneous SUSY breaking, and see that this is indeed the case. In particular, it is quite interesting that SUSY is broken even in the case of W ′ (φ) with odd degree, for which the SUSY is preserved in the (discretized) SUSY quantum mechanics. Since the finite N case will lead to the same conclusion as in the discretized quantum mechanics, our model provides some new examples of spontaneous SUSY breaking in that the α → 0 limit and the large-N limit do not commute. It is more analogous to spontaneous breaking of ordinary bosonic symmetry.
As seen from (3.10) and (3.11), without the twist α, we cannot take the ǫ → 0 limit in a well-defined manner. In a sense, this is as usual: in order to discuss spontaneous symmetry breaking, introduction of the external field is essential, because it lifts degeneracy of vacua and makes the notion of the vacuum expectation value well-defined as stressed repeatedly in the previous section.
Another deformation
So far, we introduced the external field α to see the spontaneous SUSY breaking. It can be regarded as a deformation of the model with inserting the operator, which changes the boundary condition from the PBC to the TBC by the twist α. The deformation slightly breaks the SUSY of the original model. Then, what we saw in section 3.2 is interpreted as a statement that, if the limit α → 0 is taken after the large-N and slowly varying limit, the SUSY breaking effect remains even after turning off the deformation α.
To see how the model is sensitive to the deformation, we here consider another deformation corresponding to a specific twisted boundary condition, where the twist also depends on the variable φ:
where V (φ) is a function of φ. Then, the action reads
Note that the twist depends on φ through the combination ǫφ, which is the same as the φ-dependence of the potential W ′ (φ) = h(ǫφ). We consider such a setting in order to make well-defined the limit α → 0 after the large-N and slowly varying limit. The φ-dependent twist could also be interpreted as some operator inserted at the boundary.
Similarly, after the rescaling φ → ǫ −1 φ, the partition function and the expectation values of
In the large-N and slowly varying limit, the ǫ-dependent part in the determinant factor can be neglected. Then, the partition function Z ′ α at a large-N saddle point is expressed as
where the eigenvalue distribution ρ(x) is determined by dy ρ(y) P 1
with c ≡ dy V (y)ρ(y). Note that the second term remains nonzero and contributes as a part of the potential 10 even after the limit α → 0:
Therefore, our problem is reduced to that of the one-matrix model. In this case, (3.28) should be solved consistently with c = dyV (y)ρ(y). In the following sections, for various W ′ (φ) and V (ǫφ), we present the solutions. As a relevant quantity for the planar free energy after the limit α → 0, we will consider
Given such a solution ρ(x), for example with a support x ∈ [a, b], we can express (3.29) as
The expectation values
(n = 1, 2, · · · ) after α turned off are expressed in the same form as (3.20) . Note that it is finite and well-defined in the limit α → 0. For the discretized quantum mechanics with the slowly varying potential W ′ (φ) = h(ǫφ) of odd degree and the φ-dependent twists αV (ǫφ), it will be observed that some of B n α are singular as α → 0 after the slowly varying limit ǫ → 0. Since this kind of pathological behavior does not appear in the case of the large-N matrix model, it shows further importance of the large-N limit to construct the models.
For the same reason as in section 3.2, we can say that spontaneous SUSY breaking happens for any W ′ (φ) in the case of the φ-dependent twist (3.22). Since, differently from the constant twist (2.25), the twist V (φ) now takes part in the saddle point equation (3.28), the twist V (ǫφ) causes spontaneous SUSY breaking even for the Gaussian case W ′ (φ) = h(ǫφ) = ǫφ, as we will see in section 6. 
SUSY matrix model
In this section, we concretely examine the case with
in the setting of section 3.
Large-N solutions for finite ǫ
Here, we will see that the system (3.10) with (4.1) for general finite ǫ has large-N saddle points, which is expected to preserve SUSY for (some region of) µ 2 < 0. For finite N, on the other hand, the system will take place spontaneous SUSY breaking, as we saw explicitly for the N = 1 case in section 2.2. Thus, this presents an example of matrix models, where the SUSY is broken for finite N but restores in the large-N limit 11 .
The partition function reads
and the saddle point equation (3.15) becomes
Let us consider the case µ 2 < 0, where the shape of the potential is a double-well
One-cut solution
First, we find a solution corresponding to all the eigenvalues located around one of the minima λ = + −µ 2 . Assuming the support of ρ(x) as x ∈ [a, b] with 0 < a < b, the equation
Following [19] , we introduce a holomorphic function
which satisfies the following properties:
2. F (z) is real on z ∈ R outside the cut.
For z ∼ ∞,
Note that, if we consider the combination [18] 
F − (z) is odd (F
, and real on z ∈ R outside the cuts.
These properties are sufficient to fix the form of F − (z) as
Since a 2 should be positive, the solution is valid for −µ 2 > 2. The eigenvalue distribution is obtained as by an inductive argument as in appendix C. Also, the partition function can be calculated, and we see that it coincides with that of the Gaussian SUSY matrix model with g 1 > 0 obtained in appendix B:
(4.10)
These evidences convince us that the SUSY is restored at infinite N.
Two-cut solutions
Let us consider configurations that ν + N eigenvalues are located around one minimum λ = + −µ 2 of the double-well, and the remaining ν − N(= N − ν + N) eigenvalues are around the other minimum λ = − −µ 2 . Since the fermion determinant in the partition function (4.2) is N i,j=1
the configurations will contribute (−1) ν − N to the sign of the partition function for small α. Thus, the sign is stable against variations around the configurations with ν + or ν − fixed. Therefore, in the large-N limit the tunneling is suppressed and a smooth saddle point is expected to be found. Because such a saddle point will form a two-cut solution at large N, let us investigate two-cut solutions.
First, we focus on the Z 2 -symmetric two-cut solution with ν + = ν − = has the same properties as F − (z) in section 4.1.1 except the property 4, which is now changed to
The solution is given by
where a, b coincide with the values of the one-cut solution (4.7). It is easy to see that, concerning Z 2 -symmetric observables, the expectation values are same as the expectation values evaluated under the one-cut solution. In particular, the proof in appendix C can be applied also here, to obtain
The partition function with the sign factor dropped is the same as that evaluated by the one-cut solution: lim α→0 lim N →∞ 1 N 2 ln |Z α | = 0. It is somewhat surprising that the end points of the cut a, b and the absolute value of the partition function coincide with those for the one-cut solution, which is recognized as a new interesting feature of the supersymmetric models and can be never seen in the case of bosonic double-well matrix models. In bosonic double-well matrix models, the free energy of the Z 2 -symmetric two-cut solution is lower than that of the one-cut solution, and the endpoints of the cuts are different between the two solutions [20, 21] .
Next, let us consider general Z 2 -asymmetric two-cut solutions (i.e., general ν ± ). We can check that the following solution gives a large-N saddle point: For the general two-cut solution with (ν + , ν − ), the partition function appears to be expressed as
Here, Z G,ν ± are the partition functions of the Gaussian SUSY matrix models with the matrix size ν ± N, whose superpotential is obtained by the Gaussian approximation of the original superpotential W ′ (x) = h(ǫx) = (ǫx) 2 + µ 2 around its minima x = ± 1 ǫ −µ 2 , respectively. Furthermore, since Z α and Z G,ν + Z G,ν − have the same sign factor (−1) ν − N , Z α can be evaluated by the product of the partition functions of the Gaussian SUSY matrix models Z G,ν + Z G,ν − including the sign factor at large N. It is reasonable to attribute these remarkable features for general ν ± to the restoration of the SUSY. Details of this aspect will be reported in the next publication.
Large-N SUSY breaking under slowly varying potential
Here, we show that the model with the same superpotential (4.1) exhibits spontaneous SUSY breaking in the large-N and slowly varying limit.
The saddle point equation (3.18) becomes
One-cut solution Assuming the support of ρ(x) as x ∈ [−a, a] and using the standard method [19] , it can be solved as
From the requirement ρ(x) ≥ 0, this solution is valid for µ 2 ≥ − √ 2. Then, the expectation value of 1 N tr B becomes independent of α at large N:
This is nonzero for µ 2 > − √ 2, meaning the SUSY is broken. It accidentally vanishes at
the SUSY breaking is seen also at µ 2 = − √ 2. As a quantity relevant to the planar free energy (after subtracted by the divergent constant as α → 0), we compute (3.17): Two-cut solution For µ 2 < − √ 2, the solution develops to have two cuts. Among various two-cut solutions, the most relevant is a Z 2 -symmetric one [20, 21] , where the eigenvalue distribution has two supports [−b, −a] and [a, b] . The explicit form is
Interestingly, the free energy for this solution is turned out to be µ 2 -independent: 26) and the expectation values of B are
The SUSY is broken also at the two-cut phase. The property of the free energy might be interpreted as some remnant of supersymmetric properties of the model.
Phase transition Comparing F 0 | one−cut and F 0 | two−cut at the phase boundary µ 2 = − √ 2, from (4.24) and (4.26) it is seen that F 0 ,
implying that the phase transition is of the third order.
Another deformation
We consider the same model but with the twist α changed to a φ-dependent function. As the function V (ǫφ) in (3.22), we choose the simplest Z 2 -symmetric one V (ǫφ) = (ǫφ) 2 for a technical reason.
After the limit α → 0, the corresponding saddle point equation (3.28) is dy ρ(y)P 1
with c 2 ≡ dy y 2 ρ(y).
One-cut solution To solve the equation (4.29), we assume the support of ρ(x) as
Then,
and a is given as a solution of the equation
Although the explicit form of a is somewhat complicated, it can be seen that 0 < a 2 ≤ 2 √ 2 when µ 2 ≥ −1/ √ 2. Then, ρ(x) ≥ 0 is satisfied, and the solution is valid. SUSY breaking is observed from the expectation value
In particular, when µ = 0, we obtain a simple expression of the solution as
As a relevant quantity to the planar free energy, we compute (3.29):
For the one-cut solution, we obtain
F 0
SUSY breaking is seen from
Computing the free energy F 0 for the two-cut solution, we find that
is different. Thus, the phase transition at µ 2 = −1/ √ 2 is of the third order.
Remarks Comparing the result here with the one obtained for the constant twist, we see that the change of the deformation, namely the constant twist α changed to the φ-dependent function α
, modifies the precise form of the one-and two-cut solutions for ρ(x), but their qualitative behavior and the order of the phase transition remain unchanged. It is considered that, because in the slowly varying limit the external field is dominant in the fermion bilinear terms, the model will have some sensitivity to the form of the twist even after it is turned off. 
SUSY matrix model under slowly varying potential
In this section, we consider the SUSY matrix model with the derivative of the superpotential
For finite N and finite ǫ, it can be seen that SUSY is not broken, for example by using the Nicolai mapping. We show that even in this system, at the large-N and slowly varying limit (ǫ → 0), the SUSY is spontaneously broken. For the constant external field α, the corresponding large-N saddle point equation (3.18) becomes
The one-cut solution with the support x ∈ [−a, a] is obtained as
where
and a solves the equation
tr B α vanishes due to the Z 2 symmetry, but
is independent of α, and nonzero in general implying spontaneous SUSY breaking. This solution is valid for the case µ 2 ≥ −3 2/3 . At the boundary µ 2 = −3 2/3 , the eigenvalue distribution takes the form
with a = 2 · 3 −1/6 . It touches the zero at x = ±3 −1/6 , and then 1/3 of the eigenvalues are distributed in each of the three regions [−2 · 3
, the solution develops to have three cuts. µ = 0 case For the case µ = 0, we obtain a simple expression: 
Another deformation
Similarly to section 4.2.1, we consider the deformation of the twist α corresponding to V (ǫφ) = (ǫφ) 2 in (3.22). From (3.28) the saddle point equation after α → 0 is dy ρ(y) P 1
with c 2 ≡ dy y 2 ρ(y). Assuming the support of ρ(x) as x ∈ [−a, a], we solve it as
where 
(5.14)
with n odd vanish from the Z 2 symmetry, but
implying spontaneous SUSY breaking.
6 Large-N Gaussian SUSY matrix model under slowly varying potential
In the previous sections, we have investigated the SUSY breaking in the large-N and slowly varying limit for W ′ (φ) being quadratic or cubic. Here, we consider the same problem for the Gaussian SUSY matrix model with T = 1, where W ′ (φ) is linear:
We first consider the action with the external field α:
Because the fermion determinant does not depend on φ in this case, the partition function is essentially same as the one under the PBC (α = 0):
According to (B.9) in appendix B, the Gaussian SUSY matrix model preserves the SUSY. Thus, the constant twist gives no effect for SUSY breaking.
Z 2 -symmetric deformation
Now the twist is deformed to (3.22) with V (ǫφ) = (ǫφ) 2 , which preserves the Z 2 symmetry under the flip of the signs of both φ and B.
Then, the saddle point equation (3.28) is obtained as
with c 2 ≡ dy y 2 ρ(y). Under the assumption that the support of ρ(x) is x ∈ [−a, a], the solution is found as
Then the SUSY is spontaneously broken, since
We here consider another deformation of the twist to a linear function of φ: α 1 N tr(ǫφ), corresponding to V (ǫφ) = ǫφ, which breaks the Z 2 symmetry. (We have not considered this kind of deformation for the quadratic or cubic W ′ (φ) in the previous sections, due to the technical complexity.) What is interesting in this case is that, as we will see, two kinds of spontaneous symmetry breaking with respect to the SUSY and the Z 2 symmetry take place at the same time.
The large-N saddle point equation from (3.27)
2 dy ρ(y)P 1
with c 1 = dx xρ(x) is reduced to dy ρ(y)P 1 
The Z 2 symmetry is spontaneously broken at each of the saddle points. They are connected to each other by the Z 2 transformation. The semi-circle shape of ρ(x) is not influenced by changing the Z 2 -symmetric twist to the Z 2 -breaking one.
Superselection rule
In order to see which saddle point should be chosen, let us reconsider the saddle point equation (6.7) with keeping the linear term with respect to α. Then, (6.7) becomes dy ρ(y)P 1
iα. For the purpose of obtaining physically acceptable solutions from this, it is legitimate to regard the small deformation parameter α as pure imaginary rather than real, andα as a real quantity. Taking account of O(α) corrections, the above solutions become
obtained from integrating (6.12), the planar free energy (3.26) can be calculated as
Recall that the first term in the right-hand side of (6.16) comes from the fermion determinant
. So, when N is even, the first term should be replaced with − ln e 4αc 1 − 1 . Let us consider the case N even 12 . The expression for the free energy becomes I) :
II) :
The values of the free energy coincide up to the order O(α 0 ). Comparing the O(α) terms, we can see that I) is favored whenα > 0, while II) is favored whenα < 0.
For the expectation value of B, = −1 for I) and II), (6.20) implying that the SUSY is broken at either of I) or II). In this case, B plays the roles of two kinds of order parameters: one is for the SUSY breaking and the other is for the Z 2 symmetry breaking.
12 For the case N odd, Z ′ α becomes negative at I) in (6.13) whenα < 0 and at II) in (6.14) when α > 0. Because Z ′ α is analogous to the Witten index rather than the thermal partition function, the negative sign of Z ′ α would not immediately mean instability of the system. If we consider the free energy associated with the absolute value of Z ′ α and choose the superselection sector by the value of − 1 N 2 ln |Z ′ α |, the conclusion is same as in the case of even N discussed below.
SUSY Ward-Takahashi identity
The SUSY breaking discussed above can also be seen as a break down of the SUSY WardTakahashi identity. For example, from the Q-transformation Q(ψφ) = −iBφ −ψψ, if the SUSY is not broken, the identity
is expected to hold.
In the presence of the external field, we compute the left-and right-hand sides: On the other hand, taking the large-N limit with ǫ → 0, and then α → 0 finally, we have 25) implying the SUSY breaking. ǫ×(l.h.s.) jumps from −1 to −2 at N = ∞, while ǫ×(r.h.s.) jumps oppositely from −1 to 0 at N = ∞.
General deformation
In order to see the response of the model under further deformations, in this subsection we consider a general deformation of the model. The large-N saddle point equation (3.28) takes the form dy ρ(y) P 1 
for both cases. These solutions reflect the spontaneous breaking of the Z 2 symmetry again. For the expectation values of B at the saddle point I) or II),
implies SUSY breaking. Since ρ(x) and the expectation values of B depend on v even after α → 0, we see that, in the large-N and slowly varying limit, the effect of the constant term v remains even after the external field turned off.
In the sense of the critical behavior in the one-matrix model [22, 13, 14, 15] , from the semi-circle shape of ρ(x), the solutions represents the (2, 1)-phase describing the twodimensional topological gravity.
Example 2: cubic V (x)
Here, we consider
with v constant. Assuming the support of ρ(x) as x ∈ [a, b], the solution is given as and c are determined by
The eigenvalue distribution has the form
from which the model is found to belong to the topological gravity phase ((2, 1)−phase) without fine tuning. We will show below that the model can reach the two-dimensional pure gravity phase ((2, 3)-phase) by tuning v. SUSY breaking is indicated by the expectation values of B:
If we denote the left-hand side of (6.36) as f (σ), the extrema of f (σ) are
The (2, 3)-critical point corresponds to the case that (6.36) and (6.37) are satisfied at σ = σ * [19] . The following two critical solutions are found.
(6.43) I) and II) are related by the Z 2 transformation. The fractional power 3/2 in the fall-off of ρ * (x) at the edge a * or b * is characteristic of the (2, 3)-critical point [22, 13, 14, 15] . The critical behavior describing the two-dimensional pure gravity is obtained by approaching b * at I) (a * at II)).
At the critical point, the expectation values of B become Similarly, higher critical points of the one-matrix models, (2, 2k − 1)-critical points (k ≥ 3) [22, 13, 14, 15] , could be accessed by the deformation with some polynomial V (x) of the degree 2k − 1. Our observation that tuning V (x) yields various phases of two-dimensional gravity manifests the fact that choosing the twist itself is a part of the definition of the model as stated in introduction.
Summary and discussion
In this paper, we first discussed spontaneous SUSY breaking in the (discretized) quantum mechanics. The twist α, playing a role of the external field, is introduced to detect the SUSY breaking, as well as to regularize the supersymmetric partition function (analogous to the Witten index) which becomes zero when the SUSY is broken. Differently from spontaneous breaking of ordinary (bosonic) symmetry, SUSY breaking does not require cooperative phenomena and can take place even in the discretized quantum mechanics with a finite number of discretized time steps. There is such a possibility, when the supersymmetric partition function vanishes. In general, some non-analytic behavior is necessary for spontaneous symmetry breaking to take place. For SUSY breaking in the finite system, it can be understood that the non-analyticity comes from the vanishing partition function.
We next gave an overview of a class of large-N SUSY matrix models with the slowly varying parameter ǫ introduced. The twist α is also introduced to detect SUSY breaking, and it is turned off at the final step. In the large-N limit with ǫ kept finite, there is a possibility that the SUSY, which is broken for finite N, becomes restored at large N. On the other hand, it was found that, in the large-N limit and the slowly varying limit ǫ → 0, the matrix models undergo spontaneous SUSY breaking for general superpotential. In the slowly varying limit, the fermion interaction terms become negligible compared with the term of the external field, which is the origin of the SUSY breaking. Furthermore, the superselection rule holds by taking the large-N limit. In the finite systems, because the superselection rule does not work, we saw that the expectation values of some variables diverges as α → 0. However, in the matrix models, there is no such singular behavior thanks to the large-N limit.
As a concrete example of the restoration of SUSY at large N, we discussed a SUSY matrix model with a double-well potential (the derivative of the superpotential W ′ (φ) is quadratic). In analogy with the infinite volume limit of quantum field theory, SUSY is expected to be broken by the instanton effect for finite N, but it is to be restored due to the suppression of instantons at infinite N. We obtained the large-N solutions of the matrix model, and explicitly saw a number of supersymmetric behavior ensuring the restoration of the SUSY.
In the large-N and slowly varying limit in the case of W ′ (φ) quadratic or cubic, we observed spontaneous SUSY breaking, and when changing the constant twist to a φ-dependent function (proportional to tr φ 2 ), we also found SUSY breaking. The change of the twist does not deform the eigenvalue distribution qualitatively, but modifies its precise form. Because the external field becomes dominant in the fermion bilinear terms in the slowly varying limit, the model will remain somewhat sensitive to the form of the twist even after turning it off. Thus, we can say that the model is not fully defined by the matrix model action alone, and the form of the twist should also be specified to determine the model. For the Gaussian SUSY matrix model, where W ′ (φ) is linear, the constant twist essentially changes nothing from the model under the PBC. But, we explicitly saw that some φ-dependent twists cause SUSY breaking.
For future directions, because the twists introduced in the models seem somewhat related to the Wilson line of an external gauge field, the models might be reformulated by introducing some dynamical gauge fields. Then, if the external field is dynamically generated by the expectation value of the gauge field, the models with various twist potentials V (ǫφ) could be unified to a single model with gauge interactions.
It is certainly interesting to discuss whether the mechanism of SUSY breaking in this paper is applicable to the reduced super Yang-Mill matrix models including the IIB matrix model [2] . For these models, the partition function is computed in [23] to be nonzero for any finite N. Thus, it is hard to expect that the SUSY is spontaneously broken for finite N, and in particular for the IIB matrix model it would be natural to consider a possibility of SUSY breaking at large N, if we believe that the IIB matrix model describes our real world. Since such models have flat directions, for this purpose, it would be an interesting step to lift (some of) the flat directions slightly by introducing the slowly varying parameter ǫ with keeping some of the SUSY. To carry out the analysis, the method of the Gaussian expansion or improved perturbation theory would be useful [24, 25, 26, 21, 27] .
A Partition function with the twist α
In this appendix, we show that the partition function with the TBC for the fermions (2.16) can be expressed in the form (2.17).
Letb,b † be annihilation and creation operators of the fermions: Since (A.9) and (A.11) correspond to (2.16) in the continuum limit ε → 0, M → ∞ with β = Mε fixed, we find that the formula (2.17) holds.
B Gaussian SUSY matrix model
In this appendix, we compute the partition function of the Gaussian SUSY matrix model with T = 1 under the PBC, and see that the SUSY is not spontaneously broken. From (3.6) and (3.7) with α = 0, the action and the partition function are defined by
2)
The corresponding superpotential is given by W ′ (φ) = g 1 φ, and g 1 is a (positive or negative) coupling constant.
Under the normalization (3.8), it is easy to see C N is a numerical factor whose large-N behavior is fixed below. Using the standard method in [19] , it turns out that ρ G (x) has a semi-circle shape in the support x ∈ [−2, 2]:
The exponential factor of (B.5) can be explicitly computed to give which implies that the SUSY is not spontaneously broken.
C Proof of (4.9)
In this appendix, we give a proof of (4.9), which serves as a strong evidence for the restoration of SUSY in the large-N matrix model with a double-well potential discussed in section 4.1.1. First, (4.9) holds for n = 1, 2 as seen by the explicit computation. Next, let us fix an arbitrary n ≥ 2. In order to prove (4.9) by induction, it is sufficient to show 
derived by taking the large-N limit of the identity .
(C.9) (It turns out to be a polynomial of t of the degree n + 1.)
Notice that t corresponds to W ′ (φ). Using It is straightforward to see this integral vanishes for all n ≥ 2. Thus, the induction argument completes to prove (4.9).
